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A numerically exact calculation of the T = 0 transport properties of a quantum wire interacting
with a lateral two-level quantum dot is presented. The wire conductance is calculated for all different
states of charge and spin of the quantum dot. For a dot with two electrons we obtain an enhancement
of the Kondo temperature at the singlet-triplet transition and a non-universal scaling law for its
dependence upon the dot energy spacing. We find that the Kondo correlation is stronger for a dot
spin SD ∼ 1 than for SD ∼ 1/2. In both cases the wire current is totally quenched by the Kondo
effect. When the dot is in the mixed-valence regime and 1/2 < SD < 1 the wire conductance is
partially quenched except in a very small region of gate potential where it reaches the maximum
value e2/h.
In recent years an important experimental and theo-
retical effort has been dedicated to the understanding of
the physical properties of a system constituted by a dot
connected to two leads under the effect of an external
potential [1–6]. This system has shown to be a versatile
device to study the Kondo effect for a variety of regimes
that can be accessed by changing continuously the values
of the parameters that define the system. For tempera-
tures below TK , in the Kondo regime, the electrons cir-
culate along the system through a channel at the Fermi
level that disappears as the temperature is increased.
Recently, in a very interesting experiment [7], the mea-
surement of the transport through a dot with energy
levels tuned by the application of an external magnetic
field has demonstrated that the current through an even-
charged dot connected to two leads is controlled by the
Kondo correlation between the SD = 1 spin of the dot
triplet state and the conduction electron spins. This cor-
relation gets stronger as the magnetic field energy split-
ting is increased, and reaches its maximum value when
the system is in the singlet-triplet transition, beyond
which the Kondo effect dies out very rapidly.
This problem was theoretically studied by using poor’s
man scaling arguments and the mapping of a generic
model of a dot undergoing a singlet-triplet transition
onto the two impurity Kondo model [8,9]. These the-
oretical works restrict their attention to the middle of
the Coulomb blockade valley, situation where the dot has
an integer well defined number of electrons, so that all
mixed valence regimes are eliminated. Assuming that
there is an even number of electrons in the dot and that
the system is in the immediate vicinity of the singlet-
triplet transition they show that the Kondo effect is en-
hanced by the competition between the triplet and the
singlet states.
In this letter we report the results of a numerically
exact solution for a two-level quantum dot interacting
with a wire, at T = 0, for the whole range of parameters
that permits the investigation of all possible regimes and
states of charge and spin of the system. By varying the
gate potential applied to the dot and the dot level energy
spacing we are able to study the wire conductance for the
dot in the mixed valence regime, in the triplet (S = 1),
in the doublet (S = 1/2) and in the singlet (S = 0) spin
states.
The system we consider consists of a dot laterally con-
nected to a conducting wire. This is a very interesting
configuration as it mimics the situation of a metal doped
by magnetic impurities, where the localized spins belong
to an electronic state outside the conduction band [10].
In this configuration, as shown in a recent theoretical
work [11] restricted to a one level dot, the Kondo cor-
relation among the dot spin SD = 1/2 and its neighbor
conducting spins provides a scattering mechanism for the
electrons that quenches the circulating current. This be-
havior was explained by assuming that the system is a
Fermi liquid that satisfies the Friedel-Langreth sum rule
and by using the mean field slave boson infinite Coulomb
repulsion approximation.
In our calculations we use parameter values that are
compatible with the experimental situation. In particu-
lar, as we take the Coulomb interaction to be finite we
have the appropriate energy scale for the Kondo tem-
perature. Since we use a Lanczos diagonalization, our
analysis is restricted to T = 0. For the dot with a fixed
number of two electrons and total spin SD ∼ 1, we ob-
tain an enhancement of the Kondo effect when the dot
energy spacing is equal to the exchange interaction, at
the singlet-triplet transition. In this case, the wire con-
ductance is cancelled due to strong interference effects.
As the number of particles and spin of the dot is varied,
the conductance goes from zero to e2/h, according to the
different regimes of the dot. We find that the S = 1
Kondo correlation is stronger than the usual S = 1/2.
Our results are compatible with experimental observa-
tions on a system where the current goes through the
dot [7].
In order to be able to incorporate the physics asso-
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ciated with the singlet-triplet transition the dot is de-
scribed by two levels. Contrary to the poor’s man scaling
analysis, we allow it to have different states of charge, as
it occurs in any experiment where the gate potential is
varied. Part of the system, consisting of a cluster which
includes the two-level dot, is exactly solved using a Lanc-
zos algorithm [12] and then embedded into the rest of the
wire. We are able to show that, for reasonable reduced
cluster sizes, due to the way in which the embedding is
done, the results are independent of the cluster size [13]
and, as a consequence, numerically exact. We calculate
the state of charge and spin at the dot, the density of
states projected onto the QD, and the current circulat-
ing through the wire, as a function of the gate potential
applied to the QD and of its energy level energy spacing.
The system is represented by an Anderson impurity
first-neighbor tight-binding Hamiltonian. In a cluster of
2(M +1) sites, (the number is taken to be even to main-
tain the cluster symmetry), the two states of the QD are
denoted by α and β and the other 2M + 1 sites belong-
ing to the wire numbered from −M to M . The total
Hamiltonian can be written as,
H =
∑
r=α,β
σ
(Vg + ǫr)nrσ +
U
2
∑
r=α,β
σ
nrσnrσ¯
+ U
∑
σσ′
nασnβσ′ + J(SαSβ) + t
′
∑
σ
[(cασ + cβσ)c
+
0σ
+ c.c.] +
∑
i,σ
tijc
+
iσcjσ (1)
where U , J and Vg are, respectively, the Coulomb repul-
sion in the dot, the exchange energy and the gate poten-
tial applied to the two dot states with energies ǫα and ǫβ.
The hopping matrix elements between these two states
and their first neighbor, site 0 at the wire, taken for sim-
plicity to be equal, are given by t′, and the tij = t are
the nearest-neighbor hopping elements within the wire.
The Fermi energy is taken to be ǫF = 0. The dot lev-
els, with energy spacing ∆ = ǫα − ǫβ , interact through
the exchange coupling and can be changed continuously
by varying the gate potential applied to the QD.
To obtain the properties of the system we calculate
the one particle Green functions Gij . They are made to
satisfy a Dyson equation Gˆ = gˆ + gˆTˆ Gˆ where gˆ is the
cluster Green function matrix and Tˆ is the matrix of the
coupling Hamiltonian between the cluster and the rest
of the system. The undressed Green function gˆ is cal-
culated using the cluster ground state obtained by the
Lanczos method. In order to guarantee consistency the
charge of the dressed and undressed cluster is imposed
to be the same. We calculate gˆ as a combination of the
Green function of n and n+1 electrons with weight 1−p
and p, gˆ = (1−p)gˆn+pgˆn+1. The charge of the undressed
cluster is qc = (1 − p)n + p(n + 1) [14]. The charge of
the cluster when linked to the leads can be expressed as
Qc = 2
∫ ǫF
−∞
∑
i ImGii(ω)dω, where i runs over all the
cluster sites. This equation together with the imposed
condition qc = Qc constitutes a system of two equations
which requires a self-consistent solution to obtain p and
n. Using the Keldysh [15] formalism the conductance can
be written as
G =
e2t2
h
|G00|
2[ρ(ǫF )]
2 (2)
whereG00 is the Green function of the wire site connected
to the dot, while ρ(ǫF )is the density of states at the Fermi
level at the first neighbors of site 0, when disconnected
from it.
We discuss first the transport properties in the wire
as a function of the QD energy spacing ∆, maintaining
fixed the number of electrons at the dot; then, for fixed
value of ∆ we vary the number of particles at the QD, by
changing Vg. All energies are in units of U . We take for
the parameters that define the system values compatible
with experiments [5], t′ = 0.6 and Γ = t
′2
W
= 0.08, where
W is the wire bandwidth.
In order to analyze the singlet-triplet transition we fix
the gate potential such that the dot is charged with two
particles. The results for the current in the wire and
total spin at the dot are presented in Fig.1 as a func-
tion of ∆
J
, the ratio between the dot energy level spacing
and the exchange coupling. As ∆ increases the QD spin
goes from a triplet to a singlet state. The conductance is
a smooth function which interpolates between the value
for a perfect insulator, when SD ∼ 1, and the value for a
perfect conductor, when SD ∼ 0. This result reflects the
effect of the S = 1 Kondo correlation between the spin
at the dot and the conduction electron spins in the wire,
giving rise to a strong scattering that results in the can-
cellation of the wire conductance. An abrupt change of
the current occurs around the singlet-triplet transition,
∆
J
∼ 1, when the singlet and triplet states are degener-
ate. This result is the counterpart obtained by the poor’s
man scaling calculation in the case of a system in which
the current goes through the dot itself [8,9].
The study of the temperature dependence of the con-
ductance would require a huge computational effort, out-
side our capabilities. However, it is possible to obtain the
Kondo temperature as a function of ∆ from the density
of states of the system. It is known that the Kondo con-
tribution to the Green function in the immediate vicin-
ity of the Fermi level assumes a Lorentzian form [16]
Z(Tk)
E−ǫF+iTk
,where the Kondo weight Z(Tk) is a function of
the Kondo temperature. From the analysis of the widths
of the Kondo peaks for different dot energy splittings
we obtain a Kondo temperature that increases with ∆,
has its maximum at the singlet-triplet transition, and
decreases very abruptly for ∆
J
> 1, as shown in Fig.2.
This is compatible with the results for the conductance
through a dot embedded in a wire as a function of the
magnetic field energy splitting [7] where the Kondo effect
2
is strong and only clearly observed near the singlet-triplet
transition.
For the dot embedded in a wire it has been predicted
[8,9] in the limit Tk(0) << δ, where δ = J −∆, a power
law dependence of the Kondo temperature on δ
TK(δ) = TK(0)
[
TK(0)
δ
]γ
(3)
In the inset of Fig.2 we show this relation in a logarith-
mic scale from which we obtain an exponent γ = 0.19,
inside the range of values established in Ref. 9. As in
that work, we have found that this value is not universal
and depends on Γ. As far as the character of the power
law is concerned we coincide with these authors. How-
ever, our results are numerically exact and do not require
the truncation of the Hilbert space of the quantum dot,
assumed in the application of the poor man’s scaling.
With the purpose of studying other experimentally ac-
cessible regimes we fix the dot level energy spacing and
calculate the current in the wire for all possible states of
charge and spin of the dot by varying continuously the
number of electrons in the QD. In this way we are able
to study the mixed valence regime and the evolution of
the spin state of the QD from the doublet (S = 1/2),
when the dot has an odd number of electrons, to the
triplet (S = 1) or the singlet (S = 0), when the number
of electrons in the dot is even.
The results as a function of Vg are displayed in Fig. 3,
for ∆
J
= 1. The conductance in the wire and the total
spin and charge at the QD are shown in Fig.3(a) and (b);
the Kondo correlation of the dot total spin SD with the
spin of the conduction electron at the neighboring site,
〈~SD ~Sc〉, and the spin correlation of the two states of the
QD, 〈~Sα~Sβ〉 are shown in Fig.3(c). Since we choose the
lowest dot energy ǫα = 0, for Vg > 0 both dot levels are
above the Fermi level and the charge at the dot is about
zero. As Vg reduces, charge enters into the dot and the
system goes through a charge fluctuation regime up to
Vg ∼ −0.4 where the dot has about one electron and to-
tal spin SD ∼ 0.4. At this point the Kondo correlation
has a local maximum. This is the usual S = 1/2 Kondo
state, which interferes with the wire current leading to
strong scattering that results in the cancellation of the
conductance. As Vg continues to decrease the system
goes again into a mixed valence regime - the lowest level
rearrange its charge between spin up and down and extra
charge enters in the second dot level. The Kondo correla-
tion diminishes and has a minimum around Vg = −0.75,
where the full current circulating along the wire is re-
stored. As charge keeps entering into the dot the Kondo
correlation begins to increase again, and reaches an ab-
solute maximum value at Vg ∼ −1.9, when there are just
two electrons at the dot and the singlet and triplet states
are degenerate. At this point the total dot spin and the
dot spin-spin correlation 〈~Sα~Sβ〉 have maximum values,
and the current is again cancelled. The S = 1 Kondo
regime is responsible for this strong scattering effect. As
reflected on the curve for conductance as a function of
Vg the system has electron-hole symmetry with respect
to Vg = −1.9.
Notice the strong correlation between the variation
of the current and of the Kondo spin correlation as a
function of Vg. The bigger is the Kondo correlation
the stronger are the interference effects which cause the
degradation of the current. Moreover, as can be seen
in Fig.3c, the Kondo correlation is stronger for the dot
with two electrons and maximum total spin SD ∼ 1, in
the singlet-triplet transition, than for the usual case of
SD ∼ 1/2. This result is compatible with the measure-
ments [7] of the conductance as a function of gate voltage
in a system where the dot is embedded in a wire, where
the S = 1/2 Kondo effect is much weaker, and almost not
observable, than the S = 1 Kondo effect in the singlet-
triplet transition. Notice also the way the charge enters
into the dot, continuously rather than in steps as in the
Coulomb blockade regime, reflecting the gradual way the
Kondo peak move through the Fermi level as Vg is varied.
In summary, we present numerically exact results for
the transport properties of a system consisting of a two-
level quantum dot laterally coupled to a wire, where the
dot energy spacing is varied in order to mimic the effect
of a magnetic field. In the special case where the dot
has an integer number of electrons equal to two, the wire
conductance shows an abrupt transition from a perfect
insulating to a perfect conductor for the value of the en-
ergy spacing such that the dot singlet and triplet spin
states are nearly degenerate. Our results show a maxi-
mum Kondo temperature at this singlet-triplet transition
and a power law dependence of TK with the dot energy
splitting. We have also explored the intermediate valence
regime by varying the gate potential applied to the dot.
In this way we were able to study the influence of the
different states of the dot charge and spin upon the con-
ductance in the wire. An analysis of the spin correlation
permits to understand the influence of the Kondo state
on the wire current. The conductance, in the range where
the number of dot electrons goes from one to three, fol-
lows the same behavior as the Kondo correlation, being
minimum when the Kondo correlation is maximum and
vice-versa. Our results are exact and compatible with
the experiments in a system where the dot is inserted in
the wire. We hope that transport measurements could
be done in a wire with the dot in a lateral configuration,
as discussed in this work.
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FIG. 1. Conductance in units of e2/h (continuous line) and
QD total spin (squares) as a function of ∆
J
, for two electrons at
the dot. The singlet-triplet transition corresponds to ∆
J
= 1.
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FIG. 2. Kondo temperature as a function of ∆
J
. In the
inset the exponent γ is obtained from the logarithm of the
equation TK(δ) = TK(0)[
TK (0)
δ
]γ .
0.0
0.5
1.0
-3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0
0.0
0.5
1.0
1.5
2.0
(b)
 Vg
 
Ch
ar
ge
 
(a)
 
S D
Co
n
du
ct
an
ce
-0.28
-0.24
-0.20
(c)
<
S D
S c
>
 
 
0.00
0.06
0.12
 
<
S α
S β
>
FIG. 3. Conductance, spin, charge and spin correlation as a
function of Vg, for
∆
J
= 1. (a) Conductance (continuous line)
in units of e2/h and QD total spin (dotted line);(b) Charge in
state α (continuous line) and in state β (dashed-dotted line)
in units of the electronic charge; (c) Kondo spin correlation,
〈~SD ~Sc〉 (continuous line) and spin correlation of the two states
of the QD, 〈~Sα~Sβ〉 (dashed line).
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